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THE Bott isomorphism B : xi(U) + z;+~(U) for the stable homotopy of the unitary group, 
is usually defined as the composite isomorphism ail Zi(Q2U)z 7ci+z(U), where B 
is the loop-space adjoint of a map B” : C2U -+ U, and finally, B” is a limit of maps 
Bi : Z’U(n) + U(2n). Bott ‘s remarkable theorem, that B is an isomorphism, completely, 
describes the homotopy groups of the stable unitary group U, and therefore the stable 
homotopy groups of the unitary groups (n,(U(n)) for k S 2n - 1). By its construction, 
however, the Bott map fails to take into account much of the non-stable homotopy theory 
of U(n). We propose to prove the following result. 
THEOREM. There is a map b,” : IZ:‘U(n) + U(n + 1) such that jtifbr a suitable inclusion 
i: U(n + 1) -+ U(2n), the map B,” : E”U(n) -+ U(2n) is homotopic to the composite map ib,” . 
Knowledge of the stable homotopy of U(n) can be used to give an easy proof of the 
fact that the map bi is a best possible factorization of the map B,” by inclusion maps. We 
will show, moreover, that the maps b,” are natural in way which enables us to form a 
limit b” : Z2U -+ U and a loop space adjoint b’ : U -+ ZZ’U such that b’lU(n> = b:: U(n) -+ 
n%(n + 1). 
We define the homomorphism b, as the composite map ni(U(n))~ Ki(~‘U(n 
+ l))E+ n. ,+2(U(n + 1)). Then by Bott’s theorem, b, : ni(U(n)) + “i+z(U(n + 1)) is an 
isomorphism for i 5 2n - 1. Note, however, that b, is a homomorphism between homotopy 
groups which are the same “ distance ” from the stable range. We investigate the first 
non-stable case for this map. 
Finally, we conjecture that there exist similar results on the periodicity theorems for 
the orthogonal and symplectic groups, but we only have partial results in this direction. 
8 1. NOTATION AND CONVENTIONS 
Let F denote R, C, or H, where R is the field of real numbers, C is the field of complex 
numbers, and H is the division algebra of quaternions. We use d for the dimension of F 
as an algebra over R, so that d = 1,2, or 4. By F” we denote the n-dimensional right vector 
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space of n-tuples over F with the fixed basis (sr, e2, . . . , e,} where E~ = (0, . . . , 0, 1, 0, . . . ,0) 
(ith coordinate 1) 1 5 i 5 II. The vector space F” is given the usual inner product 
(x9 Y> = ((x1, * * - 9 xn), (Y 1, * * *9 Y”)> = $2, Y/t, 
where E denotes the conjugate of x E F. We use 0, to denote the subgroup of GL(n, F) 
that preserves this inner product. Since we have fixed the basis for F”, we are given a fixed 
matrix representation of the group 0,) and if A E 0,) then A-’ is the conjugate transpose 
matrix, which we denote by ‘A. The group 0, is a group of linear transformations acting 
on the left of the right vector space F”. Of course 0, is one of the classical Lie groups 
O(n), U(n), or Sp(n), depending on the field F. 
The inclusion mappings i : Fnek+ F” and j : Fnek -+ F” defined by 
i(x,, . . . , X,-&F) = (xl, . . . , x,-k, 0, . . . , 0) 
and 
jtxl, . . . , X,-k) = (0, . . .) 0, x1, . . .) x,_k) 
inducedifferent (buthomotopic) inclusion homomorphisms i : O,_, + 0, and j : O,_, + 0, , 
respectively, which are most easily described as follows. If X E On_k, then 
where Ik is the k x k identity matrix. 
The space of right COSetS o,/j(&-k) and the space of left cosets O”/i(O”_k) are 
both homeomorphic to the Stiefel manifold of k-frames in F”, which we denote by O,,, . 
The various mappings between these coset spaces yield the well-known fibre bundles 
(O”,, 9 P9 0”J 9 On_l,k-I), and we recall that O,,, is the (dn - 1)-sphere Sdn_ 1, while O,,” = 0, 
if we define 0, as the subgroup of 0, consisting of the identity element alone. 
5 2. SOME DEFORMATIONS IN 0. 
We will need a few properties of the map 4, of [3] which are refinements of those proved 
in [3]. 
Let X,(n) = Rx,,,1 E O.Iqn #u},whereu~Fand]u]=l. 
PROPOSITION 2.1. For each n 2 2, there is a map 4, : X,(n) -_, 0, _ 1. 
Proof. The projection rc: 0, + S,,_ r picks out the last column in the matrix [x,,,] ; 
that is 4(Cx,,,,l) = (x1 ,“, . . . , x,,J. Thus rc : X,(n) + Sd,,_ t - {E” u}, where 71 is used to denote 
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where Q = 1 - X,u and P = t@Q-‘. Note that a, is a cross-section over S,,_, - {E,,u}. 
Now define &, : X,(n) --, 0, by C&(X) = [a.rc(X)]- ‘X. Since z(X) = ?rcr,rc(X) and n is the 
projection of a principle bundle, there is a map 4, : X,(n) -+ O,_ 1 such that i& = 4:. 
As in [3] one easily computes that for [x,,,] E 0,, c#I~([x,,,]) = [yJ, where y,, = x,,, 
+ x,,,(u - ~,,J-‘x,,~ for 1 s r, s 5 n - 1. m 
LEMMA 2.2. Let ou be the map defined above. 
(i) If A E O,_1 and x E Sa.-l - {e,,u}, then 
gJi(A)x) = i(A)a,(x)[i(A)] - ! 
(ii) If A E O,_, , then o, zj(A) = jo,, n(A). 
Proof. These are straightforward calculations using the matrix formula for CJ, given 
above. 1 
PROPOSITION 2.3. (i) IfA E O,_1 then &i(A) = A. 
(ii) If A E O,_ 1, and X E X,(n) then &(Xi(A)) = &(X)A. 
(iii) Zf A E On-l, and X E X,(n) then &(i(A)X) = A&(X) 
(iv) If X E X,(n - k), then j(X) E X,(n), and the diagram 
X,(n- k)SO,_,_, 
1 
j j I 
X,(n++ O,- 1 
commutes. 
Proof. The first two parts are proved as in proposition 2.5 of [3]. To see (iii), observe 
that if AC On-l, then 
i&(i(A)X) = [q,(ni(A)X)]- ‘i(A)X = [i(A)o,(X)i(A)-‘I-‘i(A)X 
= i(A)[o,(X)]-‘X = i(A4,(X)). 
Since i is a monomorphism, &(i(A)X) = A&(X). To see (iv) note that for X E X,(n - k), 
ij&(X) = j+,(X) =j([c7,7~(X)]-~X) = [jo,n(X)]-‘j(X) = [bunj(X)]-lj(X) 
= i&j(X). 
Again, since i is a monomorphism, j&(X) = &j(X). 1 
We wish to investigate the homotopy properties of the maps 4,. Again much of the 
material is a refinement of that occurring in [3]. 
LEMMA 2.4. There is a deformation retraction r : (S,,_ 1 - {s, u}) x I --) S,,_ 1 - {E, u} 
such that r(x, 0) = x, r(x, 1) = s,( -u), r(&,( - u), t) = e,,( -u) for 0 s t 6 1, and for all 
A E O,,_ 1, r(i(A)x, t) = i(A)r(x, t). 
Proof. Lets:&,_, -(E,}+F”-~ x Rd-’ c F” be stereographic projection, where we 
regard F”-’ x Rd-’ c F” as the subspace of vectors which have last coordinate pure imagi- 
nary. Define r(x, t) = [s-‘(s(xfi)(l - t))]u. The first three properties of r are immediate. 
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If A E O,_ i, then i(A) leaves the subspace E, F = j(F’) invariant, and it follows that i(A)s(x) = 
s(i(A)x), hence that i(A)r(x, t) = r(i(A)x, t). A formula for r is easily derived and may be 
written as 
where 
r(x, t) = xrl(x, t) + ~,ur~(x,t), 
rl(x, 1) = 2(1 - t)/(2 + t(t - 2)(1 + R(x,C))) 
rz(x, t) = t(-2 -t tR(x,G))/(2 + t(t - 2)(1 + R(x,u))) 
and R(y) is the real part of y E F. 
Let k : X,(n) + 0, be the inclusion map. 
PROPOSITION 2.5. There is a homotopy CD, : X,(n) x I + 0, of k with i4, such that the 
following hold. 
(i) If A E O,_ 1 and u # 1 in the real case, then 
&(i(A), t) = i(A) for 0 5 t I 1. 
(ii) If A E O,_ i and X E X,(n), then Qu(Xi(A), t) = @JX, t)i(A). 
(iii) Zf A E O,_, and X E X,,(n), then (D,(i(A)X, t) = i(A)(D,(X, t). 
(iv) If X E X,(n - k), then j@JX, t) = @,(j(X), t). 
Proof. Define Q,,(X, t) = e(t)[cr,r(x(X), t)]-‘X, w h ere Q(t) = c,Y(E,, t) is a path from 
Z,, to o,(E,( - u)) nd r is the deformation retraction of lemma 2.4. Note that QJX, 0) = i$,(X) 
and 
To see (i), 
c&(X, 1) = ~,(a,(-u))[+,(--))I-lX = X = k(X). 
@,(1’(X), t) = fI(t)[a,r(n(X), t)]-‘i(X) = Q(t)[6,r(e,, t)l-‘i(X) 
= Q(t)f?(t)-’ i(X) = i(X). 
To see (ii), note that 
Q,,(Xi(A), t) = e(t)[a. r(n(Xi(A)), t)]- ‘Xi(A) 
= e(t)[0,r(+), t)]-lXi(A) = @“(X, t)i(A). 
Part (iii) follows if we observe that 
@,(i(A), X, t) = e(t)[gur(71(i(A)X), t)]-‘i(A)X 
= e(t)[i(A)o,r(7r(X), t)i(A)-‘I-9(.4)X = i(A)B(t>[a,r(71(X), t)l-lx 
= i(A)@,(X, t). 
Part (iv) is immediate. 1 
It follows immediately from parts (ii) and (iii) above, that the following holds. 
COROLLARY 2.6. If X E X,,(n) and A E O,_ 1, and u # 1 in the real case, then 
QJi(A)Xi(A)-‘, t) = i(A)Q,(X, t)[i(A)]-‘. 
A BOTT MAP FOR NON-STABLE HOMOTOPY OF THE UNITARY GROUP 213 
9 3. DEFORMATION OF THE BOTT MAP 
Recall that the double suspension Z’X of a space X with basepoint * is the space 
X A Sz = (X x S,)/(X v S,) = (X x I’)/((X x 812) u ({*} x I”)). If (x, s, t) E X x 12, we 
denote the corresponding point in x2X by (x, s, t). The basepoint of one of the groups Ok is 
always taken to be the identity matrix Zk. 
THEOREM 3.1. There is a map bi : Z2U(n) + U(n + 1) such that the composite map 
ibi : Z%(n) + U(2n) is homotopic to the Bott map B,” : E’U(n) + U(2n). 
Proof. One method for giving the Bott map for the unitary group is as follows (see 
Bott [l] or Dyer and Lashof [2]). For (s, t) E 12, let V(s, t) E U(2n) be the matrix 
V(s, t) = 
[ 
&-, OL Ph 0~” I -B(s, W” qs, wn’ 
where a(s, t) = eRiS cos’(&nt) + evniS sin2(&t) = cos(ns) + i sin(ns)cos(rrt) and /l(s, t) = 
cos($rt)sin(&rt)(e-‘iS - en&‘) = -i sin(ns) For (A, s, t) E Z’U(n), one defines 
B,“((A, s, t)) = [i(A), V(s, t)] = i(A)V(s, t)[i(A)]-‘[V(s, t)]-‘. 
The proof of the theorem consists of deforming the map Bi into the subspace U(2n - i), 
then into U(2n - 2), and so on. We describe the first of these deformations to give the idea 
behind the details presented later. If we observe that 
[ 
4% w, M(s, 0 W% OCW- l = _qs, qtA qs, t)r” 
1 
9 
then interchanging the bottom two rows yields an element of U(2n) whose projection on 
San-1 lies in &,_r - (sZn}. Thus this matrix can be deformed to a matrix in U(2n - 1). 
If we exercise care in the choice of this deformation, the deformed matrix has the property 
that after interchange of its bottom two rows, its projection on S4n_3 lies in Sdn- a - {sZn- r], 
and so on. The same construction works for V(s, t), and the deformations may be chosen to 
be compatible with the identifications on the suspension. The complete deformation is an 
iteration of this scheme. 
To make the construction, let 0,(u) E U(2n - k + 1) be the matrix 
([ cos 7cu sin nu 1) [
Z Zn-k-l 0 0 
%kb) = _i -sin 7ru cos 71~ 
= cos nu sin 7ru , 
0 -sin 7ru cos rcu 1 
where 0 S u 5 3. We define a homotopy fr : 1’ x Z + U(2n) by 
f&9 t, u) = ;$)($; r) 2u _ I) ;: 
1 , 
“t z 1 z ; 
- -, 
where d!, is the homotopy of 2.5 (with u = l), and we note that fi is a homotopy of the 
map V to a map VI : 1’ -+ U(2n - 1). This process can be iterated to obtain maps V, : I2 + 
U(2n - k) for 1 5 k S n - 1 and homotopies fk : I2 x Z -+ U(2n - k + 1) from V,_, to 
V, . One easily computes that Vk(s, t) is the (2n - k) x (2n - k) matrix 
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r 
uI,-k-l 0 0 . . . 0 0 K-k-1 0 
0 0 0 P(-~>o 
0 0 0 PC-@ 
0 0 0 
/j(-+lp p(-a>“-*p . . . &~)“jj ; 0 
0 . . . 0 -(%“p ,%I,-,- 1 0 0 -( -E)“p -( -_$-ID.. . -(-q’p 0 m..(-qk+’ 
where 0: = CI(S, t) and fi = j3(s, t). The homotopiesf, are constructed in the same manner as 
fi, that is, 
.fic(& t, u> = 
ek(“>vk- 16, t, for Ovum+ 
CD,(~,(~)Vk_l(s, t) 2u - 1) for 3 6 u s 1. 
Observe that for A E U(n), i(A)B,(u) = B,(u)i(A) for 1 s k 5 n - 1, and that for 
(A s, 0 E: (U(n) x aI*) u ({I,) x I*), we have i(A)&(s, t) = vk(s, t)i(A). It follows from the 
first of these commutativity properties and corollary 2.6, that for 0 j u 6 3, [i(A),f,(s, t, u)] 
= t$(n)[i(&, v,_ i(S, t)]&&4)- ‘, and for 
This together with the second commutativity property that implies whenever (A, s, t) E 
(U(n) x aI*) u ({I,} x I*), we have [i(A),fk(s, t, u)] = I+,‘+ 1 for 0 6 u s 1. From this it 
follows that there is a homotopy F, : ZZ’U(n) 3 U(2n - k + 1) such thatF,((A, s, t), u) = 
[i(A),fk(s, t, u)]. We now fit these homotopies together to obtain a map F : Z%(n) x I --) 
U(2n) such that F((A, s, t>, 0) = [i(A),f,(s, t, 0)] = [i(A), V(s, t)] = Bi((A, s, t)), and 
F((A, s, t), 1) = ibE((A, s, t)) E i(U(n + 1)) t U(2n). 1 
Since the map bz is a commutator, i.e., bz((A, s, t)) = [i(A), V,_ 1(s, t)], det bi 
((A, s, t)) = l.Thus b,” : C*U(n) + SU(n + l),andtheadjointmapping bi : U(n) + G*SU(n) 
is a mapping into a connected space. This will not be important for our subsequent results, 
however, so we continue to consider the range of bi as U(n), and that of b; as the component 
of the constant map at the basepoint. 
The effect of the adjoint map b; : U(n) -+ d2U(n + 1) on the stable homotopy of U(n) 
is completely determined by the following proposition. 
PROPOSITION 3.2. The composite homomorphism 
b:: i$(U(n))s q&-i*U(n f l))aA 7’Ck+#(n + 1)) 
is an isomorphism for k g 2n - 1. 
Proof. By the theorem, the maps BA, (Q’i)bA : U(n) --f !A*U(2n) are homotopic. Thus 
we have a commutative diagram 
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For k j 2n - 1, i* is an isomorphism, so (n2i), is also, and by Bott’s theorem BA. is an 
isomorphism. Thus b; : ~nk(U(n) + ~~+~(U(lt -I- 1)) is an isomorphism for k _I 2n - 1. I 
Remarks. This factorization of the Bott map is a “ best possible ” factorization. For 
suppose that there is a map c : Z2U(n) + U(k) such that ic = Bi and k < n + 1. Let c’ : U(n) -+ 
R2U(k) and B; : U(n) -+ SZ’U(2n) be the adjoints of c and Bi, respectively, and consider 
the commutative diagram 








nzn- I(f12Wfl)> - 712n+ 1 (Wn)). 
Bott’s theorem states that a-“B;, is an isomorphism of infinite cyclic groups. But for 
k < n + 1, ~~,,+~(u(k)) is finite, so such a factorization is impossible. 
We also observe that the formulae in the proof of theorem 3.1 yield an iterative 
procedure for writing down representatives of generators of n2,-I(U(n)). Thus if 
gn:(S2”-r, *) -+ (U(n), I,) represents a generator of n2”_ I(U(n)), the composite map gn+I = 
b;(Z’g,): Szn+ 1 = XzSzn- 1 + E2U(n) -+ U(n + 1) represents agenerator of n2”+ l(U(n + 1)). 
The actual formulae are too complicated for reasonable calculation. 
THEOREM 3.3. The deformations bi of the Bott maps are natural with respect to the 
inclusions j : U(k) + U(n), that is, the following diagram is commutative 





XW(n)b”“_ U(n + 1). 
Proof. This result is most easily seen by recalling that bI((A, s, t)) = [i(A), V,_ 1(s, t)], 
and using the formula for the matrix Vn_l(s, t) given in the proof of theorem 3.1. Direct 
computation shows that if A’ = j(A), and VL_1(s, t) denotes the (k - I)-st deformation of 
the matrix V(s, t) which defines Bi, then j([i(A), Vk-1(s, t)]) = [j(A’), V”_,(s, t)], that is, 
%(<A, s, 0) = K(X2j(<4 s, 0)). I 
One easy consequence of this naturality theorem is that there is a stable Bott map, 
whose restriction to the unitary groups behaves nicely with respect o non-stable homotopy. 
COROLLARY 3.4. There isamap b’ : U -+ @U whose adjoint b” : C’U + U has the property 
that b”iLJ(n) = b,” : E’U(n) --) U(n + l), and such that the composite map ni(U) -% ni(n”U) 
s 7Ci+ 2(U) is an isomorphism. 
The proof is easy and will be omitted. 
A second consequence of naturality has to do with maps of the standard fibrations of 
complex Stiefel manifolds, By theorem 3.3, we may regard b: as a map of pairs bz : @‘U(n), 
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E’U(n - k)) -+ (U(n + l), U(n - k + l)), and its adjoint as a map of pairs bi : (U(n), U(n 
- k)) -+ (Q2U(n + l), Q’Un -k -I- 1)). Since Q2p : 02U(n + 1) --, R2W,,,,,k is a Serre fib- 
ration with fibre Q’U(n - k + l), b; induces a map of homotopy sequences 











We will apply this diagram to get a result about the composite 
b, = 8 -2b$ : n,JU(n))-+ nk(RZU(n + 1)) 3 nk+2(U(n + 1)). 
PROPOSITION 3.5. For suitable generators y,, E n&J(n)) = Z,, and l/n+ 1 E z~,,+~ 
(U(n f 1% bAyA = +_(n + QY,+,. 
Proof. Consider the following commutative diagram where the horizontal sequences 
are portions of the homotopy sequences of the fibrations U(n + 1) -+ SZnfl, Q2U(n + 2) 
-+ Q2S2n+3 > andU(n + 2) --f S2,,+ 3
~2n+lFJ(n + l>>“I- ~2n+~(S2n+~b-5 n2.wn>> + 0 
1 
b&+1* 





-~2n+,@ 2 S2n+da* nz,(Q’U(a + l))-+O 
z a2 
1 
z a2 1 B 82 n2,+ 3Wn + W-54 712”+ 3(S2n+ 3) T ~2n+2WCn + 1)). 
Let 7” = &12,+ 1 and recall that we may choose a generator Ok E n,,_,(U(k)) such that 
p*O, = (k - l)!l,,_ 1. Since n2”+ I(S2,+ J = 7c2,,+ l(Q2S2,+,), one easily computes that 
k+ 1’(12nf 1 ) = -+_(n + l)Q2z2,+3. Now choose a generator yn+l E ~c~“+~(U(n + 1)) such 
that a2yn+l = a,p2t 2n+3).Then My,) = k(n + l)a2y,,+,, i.e., b (y,) = +(n -t- %L+~. 1 
In particular, we obtain the following. 
COROLLARY 3.6. The map b, : n2,(U(n)) -+ x2,,+ ,(U(n + 1)) is a monomorphism. 
As a third consequence of the naturality theorem is the fact that we may regard b’ : U + 
R2U as a map of pairs b’ : (U, U(n)) -+ (Q’U, S2’U(n + 1)). As such b’ induces a map of 
the fibration U --, U/U(n) = W, into the fibration Q2U -+ 0’ W,,, 1 where W, is the stable 
complex Stiefel manifold. 
A more detailed investigation of the effect of the maps b’ and bE, on the non-stable 
homotopy of U(n) is the subject of other investigations of the author. 
J 4. THE REAL AND SYMPLECTIC CASES 
The other Bott maps can be handled in a similar fashion. According to [l, 21, the Bott 
maps Bl : X40(n) + Sp(n) and B,” : X4Sp(n) -+ SO@) may be given as follows. Let W be 
the (2n) x (2n) quaternionic matrix 
4 ~0s’ _Sxs + 4’ sin2 47~s (4’ - q)cos 47~s sin +cs 
(4’ - q)cos +ns sin )7rs q’ co? $cs + q sin’ $ns 1 ’
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where 4 = etnite~niuenive-~niUe-fni’, and 4f = e-fnite)njueffiue-3rrjuefnit, and let w : sppn) _+ 
SO(&) be the embedding monomorphism induced by the isomorphism Hz” --+R 13” of 
(real) vector spaces. Then 
K(<A, s, r, u, u>) = [i(A), W(s, r, u, u)l, and 
I?;(@, s, t, 24, u)) = [w&4), wW(s, t, 24, v)]. 
Proofs entirely analogous to the proof of theorem 3.1 yield the following. 
THEOREM 4.1. There is a map b,” : X40(n) -+ Sp(n + 1) such that the composite map ibi: 
X40(n) --t Sp(2n) is homotopic to the Bott map B,” : X40(n) -+ Sp(2n). 
THEOREM 4.2. There is a map b,“: Z’Sp(n) --t SO(4n + 1) such that the composite map 
ib;:Z’Sp(n) + SO(8n) is homotopic to the Bott mup B,, : E’Sp(n) -+ SO(8n). 
THEOREM 4.3. The deformations bi : X40(n) + Sp(n + 1) and bi : Z4Sp(n) * SO(4n + 1) 
are natural with respect to the inclusions O(k) c O(n) and Sp(k) c Sp(n), respectively. 
We do not know if these deformations are “best possible” in the sense of our result 
on the unitary group. Arguments similar to the argument for the unitary case yield the 
following. 
PROPOSITION 4.4. (i) The Bott map B,“: X40(n) -+ Sp(2n) admits no deformation to a map 
X40(n) --) Sp(k)fir 12 < [(n + 1)/2].7 
(ii) The Bottmap Bi : Z’Sp(n) + SO(8n)admitsnodeformation to a map C4Sp(n) --f SO(k) 
.for k < 2n + 3 if n # 1,2,4; to a map X4Sp(n) -+ SO(4n - 1) for n = 1,2; and no deforma- 
tion to a map Z4Sp(4) -+ SO(12). 
It should be pointed out that if there is a “ best possible” deformation in these cases 
(n # 1, 2, 4), composites would yield 
b : X’O(2n + 1) -+ SO(2n + 5) 
b : ZsSp(n) --f Sp(n + 2). 
Thus the deformed maps would give maps between homotopy groups which are the same 
“distance” from the stable and metastable range. 
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